A new LBM scheme for homogeneous mixture modeling, based on the multiple-relaxationtime (MRT) formulation, which fully recovers Maxwell-Stefan diffusion model in the continuum limit with (a) external force and (b) tunable Schmidt number, is developed. The proposed MRT formulation is based on the theoretical basis of a recently proposed BGK-type kinetic model for gas mixtures [P. Andries, K. Aoki and B. Perthame, JSP, Vol. 106, N. 5/6, 2002] and it substantially extends the applicability of a scheme already proposed by the same author, which used only one relaxation parameter. The recovered equations at macroscopic level are derived by an innovative expansion technique, based on the Grad moment system. Some numerical simulations are reported for the solvent test case with external force, aiming to find out the numerical ranges for the transport coefficients which ensure acceptable accuracies. The numerical results prove a contraction of the theoretical expectations, which are based on a strong separation among the characteristic scales. 05.20.Dd Recently, the lattice Boltzmann method (LBM) has been proposed as simple alternative to solve simplified kinetic models. Starting from some pioneer works [1] [2] [3] , the method has reached a more systematic fashion [4, 5] by means of a better understanding of the connections with the continuous kinetic theory [6, 7] and by widening the set of applications, which can benefit from this numerical technique. Depending on the considered LBM scheme and the particular application, the final goal may be to solve the macroscopic equations recovered in the continuum limit (in this case, LBM works as an alternative macroscopic solver) and/or to catch rarefaction effects (which usually require larger computational stencils and make LBM similar to kinetic discrete-velocity models).
I. INTRODUCTION
macroscopic mixture-averaged approximation [19] , i.e. only if proper mixture-averaged diffusion coefficients for each component are considered. (b) Moreover this model, like all the previous ones strictly based on the Hamel model, can not satisfy the Indifferentiability Principle [20] prescribing that, if a BGK-like equation for each component is assumed, this set of equations should reduce to a single BGK-like equation, when mechanically identical components are considered.
In order to fix both the previous problems, a new LBM scheme has been proposed [15] .
As a theoretical basis for the development of the LBM scheme, a BGK-type kinetic model for gas mixtures, recently proposed by Andries, Aoki and Perthame [21] , was considered (in the following referred as the AAP model). The main idea of the new LBM scheme is very simple: the Maxwell-Stefan model can be obtained in LBM models by allowing momentum exchange among different components according to the Maxwell-Stefan prescriptions. As side effect, the obtained model satisfies the Indifferentiability Principle.
Even though the previous model [15] pointed in the in right direction, it was still effected by the limit of the single-relaxation-time formulation. In particular, this does not allow one to tune the kinematic viscosity independently on the diffusion transport coefficients and consequently to tune the Schmidt number, i.e. the ratio between the kinematic viscosity of the mixture and the diffusion coefficient of the single component. Clearly this reduces the applicability of the model discussed in Ref. [15] to those cases where the average mixture transport is substantially zero, or negligible in comparison with the diffusion phenomena.
Unfortunately many applications are characterized by a meaningful global transport, ruled by the total pressure gradients inside the mixture [19] .
Hence the goal of this paper is twofold:
• to design a multiple-relaxation-time (MRT) formulation of the already proposed model [15] and to prove that the recovered equations at macroscopic level are consistent with the Maxwell-Stefan model with external force, by means of an innovative expansion technique based on the Grad moment system;
• to discuss the implementation of a generic external force in the numerical scheme, by keeping it as general as possible, but compatible with the assumption of low Mach number flows, as usual prescribed by the lattice Boltzmann schemes. This paper is organized as follows. In Section II, the proposed multiple-relaxation-time (MRT) LBM scheme is presented, the macroscopic equations are derived by means of an innovative expansion based on the Grad moment system and finally some details for an efficient implementation are discussed. Section III reports some numerical results for the solvent test with external force: in particular, the numerical ranges for the Schmidt numbers are obtained by discussing the desired accuracies with regards to the diffusion transport coefficients. Finally, Section IV summarizes the main results of the paper.
II. MRT LATTICE BOLTZMANN SCHEME
A. AAP model with forcing Numerous model equations are influenced by Maxwell's approach to solve the Boltzmann equation by using the properties of the Maxwell particles [22] and the linearized Boltzmann equation. The simplest model equations for a binary mixture is that by Gross and Krook [23] , which is an extension of the single-relaxation-time model for a pure system, i.e. the celebrated Bhatnagar-Gross-Krook (BGK) model [24] . A complete review of the BGK-type kinetic models for mixtures can be found in Ref. [21] and, concerning the pseudo-kinetic models for LBM schemes, in Ref. [25] .
In this paper, we focus on the BGK-type model proposed by Andries, Aoki and Perthame [21] , which will be referred to in the following as AAP model, in case of isothermal flow, which is enough to highlight the main features. A complete derivation and discussion of the LBM scheme based on the AAP model without external forcing and with elementary singlerelaxation-time formulation can be found in Ref. [15] . The model shows some interesting theoretical features, in particular in terms of satisfying the Indifferentiability Principle and fully recovering the macroscopic Maxwell-Stefan model equations in the continuum limit [15] . In this paper, (a) the external forcing implementation and (b) a MRT formulation for this model will be developed.
The AAP model is based on only one global (i.e., taking into account all the component ς) operator for each component σ, namely
wherex i ,t, and V i are the space coordinate divided by the mean free path, the time divided by the mean collision time and the discrete molecular velocity divided by the average molecular speed respectively (Boltzmann scaling); (1) f σ( * ) is the equilibrium distribution function for the component σ; (2) A σ is the linear collisional operator, which, according to the previous scaling, is made by constants of the order of unit; and finally (3) d σ is the forcing term.
Since LBM does not need to give the accurate behavior of rarefied gas flows, a simplified kinetic equation, such as the discrete velocity model of isothermal BGK equation with constant collision frequencies is often employed as its theoretical basis. The set of considered discrete velocities is the so-called lattice. In particular, V i is a list of i-th components of the velocities in the considered lattice and f = f σ( * ) , f σ is a list of discrete distribution functions corresponding to the velocities in the considered lattice. Let us consider the two dimensional 9 velocity model, which is called D2Q9. In D2Q9 model, the molecular velocity V i has the following 9 values:
The components of the molecular velocity V 1 and V 2 are the lists with 9 elements.
In the following subsections, the main elements of the scheme, i.e. (1) the definition of the local equilibrium f σ( * ) , (2) the linear collisional operator A σ and (3) the forcing term d σ , will be discussed.
Local equilibrium
Before proceeding to the definition of the local equilibrium function f σ( * ) , we define the rule of computation for the list. Let h and g be the lists defined by h = [h 0 , h 1 , h 2 , · · · , h 8 ] T and g = [g 0 , g 1 , g 2 , · · · , g 8 ] T . Then, hg is the list defined by
The sum of all the elements of the list h is denoted by h , i.e. h = 8 i=0 h i . Then, the (dimensionless) densityρ σ and momentumq σi =ρ σûσi are simply defined bŷ
Contrarily to what happens for the single fluid modeling, the previous momentum is not used in the definition of the local equilibrium. The key idea of the AAP model is that the local equilibrium is expressed as a function of a special velocityû * σi , which depends on all the single component velocities, namelŷ
where m σ and m ς are the molecular weights for the component σ and ς respectively;
x ς =ρ σ /ρ (whereρ = σρ σ ) is the mass concentration; m is the mixture averaged molecular weight defined as 1/m = σx σ /m σ or equivalently m = σŷ σ m σ ; and finally Introducing the mass-averaged mixture velocity, namelŷ
the definition given by Eq. (5) can be recasted aŝ
Consequently two properties immediately follow. If m σ = m for any component σ, then
Multiplying Eq. (5) byx σ and summing over all the component yields (Property 2)
The second property is general, while the first one is valid only for the applicability contest of the Indifferentiability Principle.
By means of the previous quantities, it is possible to define the local equilibrium for the model, namely
where w = [4/9, 1/9, 1/9, 1/9, 1/9, 1/36, 1/36, 1/36, 1/36] T ,
while s σ0 = (9 − 5 ϕ σ )/4 and s σi = ϕ σ for 1 ≤ i ≤ 8. The parameter ϕ σ is introduced in order to take into account of different molecular weights m σ and consequently different internal energiesê σ for the components, namelyê σ =p σ /ρ σ = ϕ σ /3. This strategy has been already proved as effective [25] and definitively simpler than other strategies [26] . Clearlŷ ρ σ can also be obtained as the moment of f σ( * ) , but this is not the case forq σi :
Collisional operator
The key idea of the multiple-relaxation-time (MRT) approach [3, 14, [27] [28] [29] is to relax differently the discrete moments associated with a given LBM scheme. Even though the total number of linearly independent moments is fixed (equal to the number of lattice nodes Q), the choice of the moments to be considered in the relaxation (collision) process is not unique. This set of moments is usually defined as the "moment basis", because it is possible to compute by them any other high-order moment (clearly in contrast with what happens in continuous kinetic theory). In particular, if the moment basis is selected as orthonormal, then some nice features arise and this may increase the stability issues of the numerical scheme and the efficiency of the computations [28, 29] . In the present paper, a simpler approach will be preferred. For a complete discussion on how to select a proper orthonormal basis for the MRT formulation in case of mixtures see Ref. [25] .
Let us define a matrix
involves proper combinations of the lattice velocity components, namely
Consequently the linear collisional operator A σ can be defined as
As it will be clarified later on by the asymptotic expansion, λ δ σ is the relaxation frequency controlling the diffusion process, while λ ν σ and λ ξ σ are those controlling the viscous phenomena. Some proper tuning strategy is defined in order to recover the desired transport coefficients in the continuum limit. In particular,
wherep = σp σ , ν is the kinematic viscosity and ξ is a numerical parameter somehow related to the second viscosity coefficient (compressible effects are not rigorously recovered by the considered lattice).
Forcing term
The external source d σ can be directly designed in the moment space as
whereĉ σi =â i +b σi andâ i is the acceleration due to an external field acting on all the components in same way (for example, the gravitational acceleration), whileb σi is the acceleration due to a second external field discriminating the nature of the component particles (for example because of their charge). As it will be clarified later on by the asymptotic expansion, the additional terms affecting the stress tensor components must be considered the most popular approach to analyze LBM schemes, even though, concerning mixture modeling, it shows some limits [30] . On the other hand, the Hilbert expansion proposed by Ref. [31] and derived by kinetic theory [32] offers some advantages, even though all the macroscopic moments must be expanded. Recovering macroscopic equations solved by LBM schemes somehow shares some features in common with the much more complex problem of recovering macroscopic equations from kinetic models. A complete review of the latter problem is beyond the purposes of the present paper, but detailed discussions can be found in Refs. [32, 33] . In this paper, we use a simpler approach based on (1) some proper scaling,
(2) the Grad moment system and (3) recursive substitutions. The method has been already used in order to derive new numerical schemes [34] .
The latter method is not new and it has some features in common with recently proposed asymptotic methods in kinetic theory [35] . Recently the so-called Order of Magnitude Approach has been proposed in order to derive approximations to the Boltzmann equation from its infinite set of corresponding moment equations [33, 36, 37] . This method first determines the order of magnitude of all moments by means of a Chapman-Enskog expansion, forms linear combinations of moments in order to have the minimum number of moments at a given order, and then uses the information on the order of the moments to properly rescale the moment equations. The rescaled moment equations are finally systematically reduced by canceling terms of higher order. Moreover this method can be further simplified.
• Firstly, following Ref. [35] , we will directly work on the level of the moment equations.
In this way, the key advantage in analyzing LBM schemes in comparison with truly kinetic models is that the moment system is automatically truncated because of the discrete degrees of freedom of the selected lattice and this automatically gives a closed equivalent system of equations.
• This approach forces one to introduce the scales for space and time, as well as separate scales for all variables and their gradients. Most of the terms will be characterized by the diffusive scaling, while for the remaining terms (mainly due to forcing), a simple rule will be adopted. The size of the force terms follows from the principle that a single term in an equation cannot be larger in size by one or several orders of magnitude than all other terms [35] .
Diffusive scaling
First of all, a proper scaling must be introduced. In fact, note that the unit of space coordinate and that of time variable in Eq. (1) are the mean free path l c and the mean collision time T c , respectively. Obviously, they are not appropriate as the characteristic scales for flow field in the continuum limit. Let the characteristic length scale of the flow field be L and let the characteristic flow speed be U . There are two factors in the limit we are interested in. The continuum limit means l c L and the low speed limit means U C,
where C (= l c /T c ) is the average modulus of the particle speed. In the following asymptotic analysis, we introduce the other dimensionless variables, defined by
Defining the small parameter as = l c /L, which corresponds to the Knudsen number, we
which is the key of derivation of the low Mach number limit [32] , we have t = 2t . Then, Eq.
(1) is rewritten as
In this new scaling, we can assume
where f = f σ( * ) , f σ and α = t, x i andm =ρ σ ,q σi .
Grad moment system
The key point of this section is to derive the macroscopic equations and, consequently, the definitions of the recovered transport coefficients.
The matrix M can be used to compute some equilibrium moments. Let us introduce the general nomenclature for non-conserved equilibrium moments
Recalling that the diffusive scaling impliesû σi = u σi andû * σi = u * σi , the moments defined by means of the matrix M are
The previous nomenclature can be expressed for non-conserved generic moments as well,
We can now apply the asymptotic analysis of the MRT-LBM scheme based on the Grad moment system. Let us compute the first moments of the Eq. (21) (corresponding to the first three rows of the matrix M ), namely
whereŷ σ =p σ /p is the molar concentration and the relation mx σ /m σ =ŷ σ has been used.
In deriving the previous equations, the assumption given by Eq. (15) has been considered.
First of all, it is worth the effort to point out that the previous equations are consistent with the macroscopic Maxwell-Stefan mass diffusion model [15] . Secondly if u * σi − u σi ∼ O(1), i.e. the constant U properly characterizes the order of magnitude of the diffusion velocities too or, equivalently, the diffusion velocities are large, then necessarilyĉ σi = c σi , because of the above-mentioned principle that a single term in an equation cannot be larger in size by one or several orders of magnitude than all other terms.
In the momentum equation, the stress tensor appears. We now search for simplified expressions of the stress tensor components. The equations for the stress tensor components involve higher order moments like Π ijk . According to the assumed scaling, each moment dynamics is ruled first by its equilibrium part, in this case Π * ijk , namely
Clearly Π * ijk ∼ O( ), which means that the equilibrium part of these higher order moments is of the same order of the external forces or, equivalently, that we cannot neglect the terms due the external forces for designing a simplified expression for these higher order moments.
Consequently, the leading part of the equations for the higher order moments yields
where the fact that the higher order relaxation frequencies have been assumed equal to one is used, or, equivalently,
It is worth the effort to point out that the last term in the previous expression is an error due to the intrinsic lattice. In fact, for the D2Q9 lattice, the argument of the moment Π iii (for any i = 1, 2) is identical to that of the hydrodynamic moment Π i and this is an intrinsic drawback due to the fact that all the lattice velocity components in the D2Q9 lattice have modulus equal to one. Fortunately the second order moments of the forcing terms have been designed in such a way to compensate the intrinsic errors of the considered lattice.
In fact, after substituting the previous simplifications, the equations for the stress tensor components yield
where, in the equations for the diagonal components, the terms due to the limits of the considered lattice have been redundantly reported, even though the design of the forcing term allows one to cancel them out.
Clearly from the previous equations, Π ij ∼ = Π * ij ∼ =p σ δ ij and this proves thatp σ δ ij is the leading term of the stress tensor and it can be used in estimating the first term in LHS of the previous equations. Moreover the advection terms of the LHS of the previous equations can be approximated by Eqs. (28) . Finally the previous substitutions in terms of Π ij yields
where the assumptions given by Eqs. (16, 17) have been considered. Taking the divergence of the previous tensor yields
The c σi = 2 a i +b σi . This implies that the terms depending on the spatial gradients in the forcing definition given by Eq. (18) are required by b σi , which is the leading part. In case of a i only, the corresponding force (in lattice units) is so small that no correction is required [31] .
These considerations lead to ∂ρ σ ∂t
Clearly summing Eq. (38) over all the components σ yields σ ρ σ b σi = 0, which means that large external fields acting at the leading diffusion level are possible, as far as their net effect is zero (otherwise the large net effect would produce accelerations which are not compatible with the low Mach number limit). Summing over the components yields
where p = σ p σ and the Property 2 has been applied. Clearly there is no equation for ρ = σ ρ σ , which means that this quantity is an arbitrary constant. This means that, at the leading diffusion level, density fields characterized by large concentration gradients are possible, as far as their net effect is a nearly constant total density field (otherwise again the non-smooth total density field would produce accelerations which are not compatible with the low Mach number limit). Since ρ is a constant, then the previous expressions can be simplified as
Clearly the previous equations are not the canonical Navier-Stokes system of equations for the barycentric velocity u i , because of the complex advection term in the momentum equation. This is not due to the adopted asymptotic analysis based on the Grad moment system. The same result would be obtained by using the Hilbert expansion: see for example
Ref. [25] . 
In this section, the macroscopic equations due to the proposed MRT-LBM scheme with forcing were derived. The model is consistent with (a) the Maxwell-Stefan diffusion model and (b), in case of particles with similar masses, it allows one to recover a Navier-Stokes system of equations for the mixture barycentric quantities, with a tunable mixture viscosity.
Additionally (c) two types of forces are considered: the first one which produces zero net effect at the mixture level and the second which produces a global effect which is compatible with the low Mach number limit.
C. Efficient numerical implementation
In the previous sections, the space-time discretization has not been discussed. It is well known that it is very convenient to discretize the LBM schemes along the characteristics, i.e. along the lattice velocities, because they are constant and analytical known. However the popular forward Euler integration rule can not be applied in this case because it leads to a lack of mass conservation [25] . Consequently a more accurate scheme must be considered:
for example, the second-order Crank-Nicolson rule is enough in order to avoid this problem.
Let us use this rule to discretize Eq. (1), namely
where the argument (t, x i ) is omitted and the functions computed in (t + 2 , x i + V i ) are identified by the superscript +. The Crank-Nicolson rule is recovered for θ = 1/2. The previous formula would force one to consider quite complicated integration procedures [25] .
Fortunately a simple variable transformation has been already proposed in order to simplify this task [38] , and successfully applied in case of mixtures [16] . This procedure has been already generalized in case of the MRT formulation [39] .
Let us introduce a local transformation
Substituting the transformation given by Eq. (46) into Eq. (45) yields
where it is worth the effort to remark that the local equilibrium remains unchanged. Essentially the algorithm consisists of (a) appling the previous transformation f σ → g σ defined by Eq. (46), then (b) computing the collision and streaming step g σ → g + σ by means of the formula given by Eq. (47) and finally (c) coming back to the original discrete distribution
The problem, in case of mixtures, arises from the last step. In fact, the formula required in order to perform the last task (c) is
Since d σ depends in general on spatial gradients, it may be not very simple to compute d + σ at the new time step, because some of the neighboring values may be not available. Hence the following assumption is considered
In order to compute both A + σ (depending on total pressure and total density) and f + σ( * ) , the updated hydrodynamic moments, i.e. the hydrodynamic moments at the new time step, are required. Since the single component density is conserved, recalling Eq. (46) yieldŝ
consequently it is possible to computep + σ ,ρ + ,p + and finally A + σ . However this is not the case for the single component momentum, because this is not a conserved quantity and hence the first order moments for g + σ and f + σ differ [16] . Recalling Eq. (46) and taking the first order moment of it yields
It is worth the effort to point out an important property. Summing the previous equations for all the components yieldŝ
which means that it is possible to computeρ +û+ i directly by means of g + σ . For this reason, it is possible to consider a simplified procedure in case of particles with similar masses.
Particles with similar masses
In case of particles with similar masses,û * + σi ∼ =û + i and Eq. (51) reduces to
and equivalently, by taking into account Eq. (52),
Actually the situation is even simpler, bacause the previous formula is not needed. In fact,
(52) to compute f + σ( * ) for the back transformation given by Eq. (49).
Particles with different masses
In the general case, Eq. (51) can be recasted as
whereq
Clearly χ σς is a symmetric matrix. Finally, grouping together common terms yields
Clearly the previous expression defines a liner system of algebraic equations for the unknownsq + σi . This means that in order to compute the updated values for allq + σi a linear system of equations must be solved in terms of known quantities V i g + σ . It is possible to verify analytically (for few components) that the solvability condition of the previous linear system is always ensured, for any combination of mass concentrations and Maxwell-Stefan resistances. However a general mathematical proof for any number of components is currently missing. Note that this eventual restriction of the discussed scheme would be a constraint of the proposed numerical implementation and not of the kinetic model itself.
The possibility to tune θ is not available, because all the schemes for θ = 1/2 may imply a lack of mass conservation.
In the degenerate case χ σς = 1, i.e. particles with equal masses, Eq. (57) reduces to
which is equivalent to Eq. (54).
In the next section, the results for some numerical simulations are reported.
III. NUMERICAL SIMULATIONS
The main improvement discussed in the present paper with regards to previous work [15] lies in the possibility to control the higher order viscous dynamics independently on the diffusion phenomenon. The Schmidt number, i.e. the ratio between the mixture viscosity Following [15] , the solvent limiting case [40, 41] will be considered and a standard procedure for measuring the diffusion transport coefficients [26, 42] will be adopted.
Let us consider a ternary mixture realizing a Poiseuille flow, i.e. a 2D flow between two parallel plates oriented along the direction of the x 1 -axis of the reference system. The computational domain is defined by (t,
The average mixture transport of the barycentric velocity is ruled by Eqs. (42, 43) , which clearly depend on the external force. For the sake of simplicity, only the term effecting the mixture barycentric velocity will be considered, with a 1 = 0.001 and a 2 = 0, while the term which discriminates among the particle nature will be neglected, i.e. b σi = 0. Assuming u 2 = 0 and p constant, Eq. (43) admits, in steady state conditions, the following solution
It is possible to use the previous analytical solution to derive a numerical measure of the kinematic viscosity realized by the scheme. Introducing x M = x 1 (L 2 /2) and
where · is a spatial average on the domain [0, L 1 ] × [0, L 2 ]. The measured kinematic viscosity ν * may differ from the theoretical one ν ∈ [1, 20] , because of the numerical errors.
Concerning the diffusion phenomenon, the molecular weights of the components in the ternary mixture are m σ = [1, 2, 3] and consequently the corrective factors are ϕ σ = [1, 1/2, 1/3]. The theoretical Maxwell-Stefan diffusion resistance is given by
where β ∈ [5, 166] . Let us suppose that in our ternary mixture the component 3 is a solvent, i.e. its concentration is predominant in comparison with the other components of the mixture. Hence y 3 ∼ = 1 and consequently y 1 ∼ = 0 and y 2 ∼ = 0. Under these assumptions,
Eq. (38) reduce to
where the last simplification assumes v = ς y ς u ς ∼ = u 3 . Consequently the measured diffusion resistances are given by advanced wall boundary conditions [43, 44] should be considered.
The initial velocity fields are zero for all the species, i.e. u σi (0, x 1 , x 2 ) = 0 for all the species. On the other hand, the initial conditions for the partial pressures are given by p 1 (0, x 1 , x 2 ) = ∆p 1 + sin 2π
where, for the reported numerical simulations, ∆p = p s = 0.01. The parameter p s is a small pressure shift in order to avoid divisions by zero in computing the velocity by the corresponding momentum.
The spatial discretization step is called δx = δx 1 = δx 2 and the total number of grid points is N 1 = L 1 /δx = 60 and N 2 = L 2 /δx = 40. Similarly the time discretization step is selected in such a way that δt ∼ δx in order to have c = δx/δt = 1, and in particular N t = T /δt = 600.
In Figure 1 and 2, the iso-contours of the molar concentrations y 1 and y 2 at the time step t = T = 600 δt in the domain [0, L 1 ] × [0, L 2 ] are reported. Clearly the mixture barycentric velocity produces a global transport on the right (along the direction of the x 1 -axis), which is maximum at the center of the gap between the two plates and minimum at the wall (slip condition was assumed), because of the external applied force. Recalling the initial conditions given by Eqs. (66) and checking the positions of the maximum values in the concentration profiles, the transport at the center of the gab leads to a shift on the right roughly equal to L 1 /4. Looking closer to the numerical solutions, the width of the isocontour corresponding to the molar concentration equal to 0.026 is clearly narrower for the species 1 than for the species 2. This means that the value 0.026 is closer to the maximum of y 1 (0.0263) than the maximum of y 2 (0.0270), or, with other words, that the diffusion of the species 1 is proceeding faster than that of the species 2 from the common initial value (0.030) toward the common equilibrium value (0.020). This makes sense because the assumed transport coefficients imply B 13 < B 23 , which means a smaller diffusion resistance for the species 1.
Let us check the transport coefficients, effectively recovered by the numerical scheme. In Figure 3 , the comparison between the numerical kinematic viscosity and the theoretical one is reported. Clearly the results are very good on the whole range of considered Maxwell-Stefan diffusion resistances. This means that the diffusion phenomena are not effecting much the viscous phenomena and this could suggest one that a strong separation among the characteristic scales exist.
Unfortunately the opposite consideration is not correct. In Figure 4 and Figure 5 , the theoretical values for the Maxwell 
Let us consider a simulation campaign Γ = {ν ∈ Γ ν ∧ β ∈ Γ β }, which is composed by 20 × 20 = 400 runs. For each numerical simulation, all the meaningful transport coefficients (ν * , B * 13 , B * 23 ) are measured. Clearly the larger errors are obtained for the measured Schmidt numbers, Sc * 1 and Sc * 2 , because the latter come from the product of the elementary transport coefficients. The numerical results are reported by matrix form in Figure 6 and 7 for Sc * 1 and Sc * 2 respectively. Every time that the numerical error is lower than 10 %, the correspoding combination of trasport coefficients is marked as acceptable for the scheme. This constraint, when applied to Sc * 2 is more restrictive than when applied to Sc * 1 . This confirms that taking into account different molecular weights by ϕ σ < 1 may show some limits, in case of large mass ratios. On the same plots, the theoretical values of the Schmidt numbers are reported by some proper iso-values in the ranges Sc 1 ∈ [4.3, 2880.6] and Sc 2 ∈ [5. 5, 3643.7] respectively. In order to ensure the desired accuracy for both the transport coefficients for any combination, the Schmidt numbers must be quite large: for this particular application, they should be roughly larger than 1000.
Clearly from the numerical point of view, the separation of the characteristic scales, which was assumed in the development of the scheme, works only asymptotically and the stability/accuracy issues may reduce the actual applicability of scheme to a constrained range of theoretical transport coefficients, depending on the considered application. By the way, this situation is common to most of lattice Boltzmann schemes.
IV. CONCLUSIONS
A new LBM scheme for homogeneous mixture modeling, based on the multiplerelaxation-time (MRT) formulation, which fully recovers Maxwell-Stefan diffusion model in the continuum limit with (a) external force and (b) tunable Schmidt number, was developed. This formulation allows one to tune the relaxation frequencies of the collisional matrix independently each other, and, in particular for the present application, it allows one to tune the mixture kinematic viscosity independently on the Maxwell-Stefan diffusion resistances. This is part of an on-going effort to improve existing LBM scheme for homogeneous mixtures. The same author already proposed a new scheme based on the theoretical basis of a recently proposed BGK-type kinetic model for gas mixtures [21] , which used only one relaxation parameter. The actual MRT formulation substantially extended the applicability of the previous model.
The numerical simulations for the solvent test case with external force, confirmed the validity of the proposed formulation and they allowed us to find out the numerical ranges for the transport coefficients, which ensure acceptable accuracies. The numerical results prove a contraction of the theoretical expectations, which were based on a strong separation among the characteristic scales. Essentially the Schmidt number needs to be large enough to ensure acceptable results.
